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Abstract
Thermodynamical properties of nuclear matter are stud-
ied in the framework of an eective many-body eld the-
ory at nite temperature, considering the Sommerfeld ap-
proximation. We perform the calculations by using the
nonlinear Boguta and Bodmer model, extended by the in-
clusion of the fundamental baryon octet and leptonic de-
grees of freedom. Trapped neutrinos are included in order
to describe protoneutron star properties through the inte-
gration of the Tolman-Oppenheimer-Volko equations,
from which we obtain, beyond the standard plots for the
mass and radius of protoneutron stars as functions of the
central density, new plots of these quantities as functions
of temperature. Our predictions include: the determina-
tion of an absolute value for the limiting protoneutron
star mass; new aspects on nuclear matter phase transition
via the behaviour of the specic heat and, through the
inclusion of quark degrees of freedom, the properties of
a hadron-quark phase transition and hybrid protoneutron
stars.
1 Introduction
In the last few decades, the study on the evolution of compact
stars has became a central issue of theoretical and experimental sci-
entic research. In 1967, the rst pulsar was observed[1] and, based
on characteristic observational features, this object was identied as
a rotating neutron star. Since this rst direct observation, nuclear
models have been widely employed in the description of the inter-
nal structure, composition, dynamics and evolution of these massive
1
compact stars. Under the pull of gravity, the energy density in the
core of compact stars is thought to approach or even exceed the crit-
ical value of 1 GeV=fm3, their structure depends sensitively on the
equation of state for very dense matter. The nuclear matter equa-
tion of state describes how the energy density and the pressure vary
with density and temperature, such an equation of state is capable
of describing dierent nuclear matter phases, ranging from gaseous
nuclear matter and liquid nuclei structure, up to the deconnement
transition regime.
The equation of state provided by the model calculations char-
acterizes the star matter whose main properties are determined
through the integration of the Tolman-Oppenheimer-Volko (TOV)
equations[2, 3].Nuclear models provide, in particular, an equation of
state which determines, at densities of typically ve times the sat-
uration density of nuclear matter, important static properties of a
compact star as the mass-radius relation, the crust extent, the mo-
ment of inertia and the central density[4]. Moreover, these models
should also provide the description of relevant dynamical properties
of compact stars as the rotational period, the emission of neutrinos
and gravitational waves as well as more fundamental aspects involv-
ing the evolution, internal composition and structure of these stellar
objects.
Concerning in particular neutron stars, nuclear models should in
particular account for such objects at least as massive as the most
massive observed pulsar. Accordingly, knowledge of the masses of
neutron stars represents a very important constraint on any theo-
retical model: the stier the equation of state, the higher the lim-
iting mass of a family of stars. In particular, more recent predic-
tions based on relativistic hadrodynamics models indicate that the
equations of state for neutron stars are expected to be considerable
stier than those based on non-relativistic descriptions. Nowadays,
the Hulse-Taylor pulsar has its mass determined with very good
accuracy at M = 1:444M, while the minimum mass required by
other diuse measurements is about 1:56M. Recent measurments
of quasi-periodic oscillations (QPOs) in low mass X-ray binaries
(LMXBs) indicate an increase on these values up to 1:8− 2:0M.
In this work we investigate static properties of nuclear matter at
the high density domain by using a description based on the non-
linear model of Boguta and Bodmer (BB)[5], which is extended by
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considering, at nite temperature, the fundamental baryon octet,
the % isovector meson, lepton degrees of freedom, trapped neutrinos
and the equations for chemical equilibrium and charge neutrality.
Within this objective, we focus on a particular process in the evolu-
tion of compact stars, which initiates in a supernova explosion: the
formation of a hot collapsed core or a protoneutron star[6], which
can reach temperatures as high as few tens of MeV. These hot and
dense relativistic objects are formed in a type-II supernova explo-
sion and evolves to a cold neutron star basically through neutrino
emission. Here, this very dense and hot core is capable of trapping
neutrinos in its interior. The protoneutron star will then rapidly
lose its trapped neutrinos in its cooling sequence.
In the theoretical treatment of properties of compact stars, the
relativistic phenomenological approach developed by Walecka[7],
quantum hadrodynamics (QHD), represents one of the most impor-
tant approaches to the highly nonlinear behavior of QCD at the
hadronic energy scales. QHD model is a relativistic quantum eld
theory based on a local lagrangian density which uses the nucleon
and two meson elds, the isoscalar, attractive  and the isovector,
repulsive !, as the relevant eective degrees of freedom. This model
provides a thermodynamically consistent theoretical framework for
the description of bulk static properties of strong interacting many-
body nuclear systems under extreme conditions. The nonlinear BB
model was developed to improve the description of static proper-
ties of nuclear matter, relative to the original Walecka model. With
the introduction of cubic and quartic scalar meson self-interactions
in the lagrangian density, the model has two additional parameters
which allow and provide sucient flexibility to reproduce at satura-
tion density, current accepted values for the compression modulus
of symmetric nuclear matter and the nucleon eective mass.
In this work we investigate bulk static properties of the protoneu-
tron star matter by using a description based on the nonlinear model
in its original form which is, however, not yet suitable for an extrap-
olation to higher densities. The model is considerably extended by
the inclusion of: the fundamental baryon octet, the % isovector me-
son, lepton degrees of freedom, trapped neutrinos and the equations
for chemical equilibrium and charge neutrality.
Hitherto, practically all microscopic investigations of stars have
been performed for dense, cold matter in its ground state, i.e. for
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vanishing temperature T = 0. As in this work we study the for-
mation of protoneutron star matter, we extend the standard zero-
temperature approach: as the main novel feature of our investigation
we formulate the dynamical equations of state in the framework of
the relativistic mean-eld model sketched above for matter in the
continuum, i.e. for nite temperature T > 0. As the main applica-
tion, global static properties of protoneutron stars such as the mass
and radius are thus determined as a function of the central density
and temperature.
2 Nuclear Matter
Nowadays, astrophysical observations of compact stars and terres-
trial nuclear physics experiments are working together in the de-
termination of the equation of state for dense matter. This allows
to test the predictions and consistency of dierent models for the
properties of nuclear matter under extreme conditions, through the
comparison both with the corresponding astrophysical data results
and from high energy heavy ion collisions, where nuclear matter ap-
proaches similar conditions of density and temperature as in dense
stellar objects. Conversely, experiments with relativistic heavy ions
at current facilities are now providing rst empirical information
on the equation of state at high baryon matter densities relevant
to compact stars. Moreover, one feature is of particular interest:
in addition to the deconnement regime at very high densities and
temperatures up to Tc = 150MeV , there is another phase transition
in nuclear matter at much lower excitation energies analogous to the
liquid-gas transition in condensed matter physics. This transition is
predicted to occur with temperatures from and beyond Tc = 15MeV
and hence is of particular interest to the physics of supernova ex-
plosions, and in the formation of protoneutron stars. Intermediate
energy heavy ion collisions at energies around 100 MeV per nucleon
are currently the most promising tool in searching for the liquid-gas
transition in laboratory.
The lagrangian density of our approach, which takes into account
the fundamental baryon octet, the meson sectors, and includes lep-
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µ −Ml] l : (1)
This Lagrangian density describes a system of eight baryons (B =
p, n, , −, 0, +, −, 0) coupled to three mesons (, !, %) and
leptons. The scalar and vector coupling constants in the theory,
g(s,v), and the coecients b and c for the nonlinear  self-couplings
are determined to reproduce, at saturation density 0 = 0:153fm
−3,
the binding energy of nuclear matter, B = −16:3MeV , the com-
pression modulus of nuclear matter, K = 240MeV , and the nu-
cleon eective mass, M? = 732MeV . Additionally, the isovector
coupling constant g% is determined from the symmetry energy co-
ecient, a4 = 32:5MeV , in nuclear matter. The hyperon/nucleon
coupling constant ratios are constrained through the binding en-
ergy of the -hyperon in nuclear matter, from hypernuclear levels
and the lower bound of the mass of a neutron star, contributing to
the determination of the hyperon/nucleon coupling constant ratio,
which correlates the relative strengths of the  and ! mean-elds to
the nucleon and the hyperon:
(B=A) = vV − sS; (2)
with i = gHi=gi, (i = ; !), and where V = (gv=mv)
20 is the
mean-eld vector potential and S = (m − m?sat) is the mean-eld
scalar potential.
To determine the nuclear matter equation of state at nite tem-
perature we use a set of model parameterizations known as GM3[8].
With this set of parameters we nd for the nucleon eective mass,
at saturation density and for the compression modulus of nuclear
matter, results in the range of current experimental values for these
quantities. The eects of nonlinear scalar self-couplings are studied
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in Ref.[9]. Though the ratios i are known only qualitatively,and
studies have shown that dierent choices for i are too sensitive for
the bulk static properties of neutron stars[4].
Neutrinos, which are not included in the original approach for
the GM3 parameters are an indispensable quantity protoneutron






where e, ν and B represent, respectively, the electron, neutrino
and baryon densities. Explicitly we extract the lepton fraction YL
from the study of the gravitational collapse of the core of white
dwarfs.
The values for the scalar (), vector (v) and isovector (%) GM3
coupling constants, (gi=mi)
2, with i = ; v; %, are shown in table
1 together with the hyperon/nucleon coupling constant ratios, and
the lepton fraction, YL.




2 b (100) c (100)
fm2 fm2 fm2
9.927 4.820 4.791 0.8659 -0.2421
s v r YL -
0.6 0.568 1.0 0.4 -
Applying standard technics from eld theory and the mean-eld
approach, we obtain the equation of state for nuclear matter as a



























































































[n(λ; T ) + n(λ; T )]d
3k : (5)
In the expressions above we identify, in the rst row the contri-
butions for the scalar, vector and isovector mesons, followed by the
contributions of the Fermi gas of baryons and leptons as sums over
the particle families, B = n; p;;; and  = e; ; , where JB is
the isospin baryon number. The quantities n(; T ) and n(; T ) are
the Fermi-Dirac distribution functions for particle and anti-particles,
at nite temperature:



























with  = 1=T and the chemical potentials B and λ for the
baryons and leptons, respectively (see Figs.1 and 2 where the Fermi
distribution function and the density of states are plotted as func-
tions of chemical potential).
In numerical calculations with the BB model we have consid-
ered hyperonic matter without (Fig.3) and with trapped neutrinos
(Fig.4), and at higher temperature (T=50MeV in Fig.5) in order to
evaluate how these properties aect the protoneutron star proper-
ties.
A liquid-gas phase transition can be easily found in some nuclear
models such as QHD, BB and others, when symmetric nuclear mat-







Figure 1: The Fermi distribution function at T=0MeV (solid line), T=50MeV








Figure 2: Density of states as a function of squared momentum at T=0MeV






























Figure 3: Distribution of particles as a function of baryon density at T=10MeV,

























Figure 5: As figure 4, however, for T=50MeV.
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asymmetric nuclear matter, within the same model, via the inclu-
sion of the %-meson, this transition disappears. The energy used
to generate this liquid-gas phase transition leads now to hyperon
production, resulting in a phase transition of asymmetric nuclear
matter.
In such a phase transitions, the system must have an extra en-
ergy in order to convert nucleons into hyperons and make the EOS
stier. These extra enery is not easily seen in the EOS (Fig.6),
as the Van der Waals liquid-gas phase transition, but it is clearly
visible in the specic heat dependence, where each hyperon gen-
eration formed introduces a discontinuity on its structure (Fig.7).
This phase transition is similar to the transition to Cooper pairs
in supercondutivity, where discontinuities are also found instead of














Figure 6: The nuclear matter equation of state at T=0MeV (solid line),
T=50MeV (dotted line) and T=100MeV (dashed line).
3 Quark Matter
So far, we have developed the nuclear matter studies disconsidering
the presence of quarks and gluons degrees of freedom. However,
the conditions for the density in the interior of a protoneutron star
can be favourable for the hadron-quark phase transition, which may













Figure 7: Specific heat as a function of baryon density.
We make use of the MIT bag model[10] in order to describe the
quark matter equation of state and the hadron-quark phase transi-
tion. The MIT lagrangian is described as
LMIT = [ i
2
(  γµ@µ − (@µ  )γµ )−B]V (x)− 1
2
  s (7)
and generates, by standard procedures, the same equations of inter-



















k3dk[nk() + nk()]; (9)
and the pressure








k3dk[nk() + nk()]; (10)
with the degeneracy represented by γf = 2spin  3colour and with a
bag constant B.
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The hadron-quark phase transition is determined via the Gibbs
criteria, which consider the pressure, chemical potential and temper-
ature of both hadronic (H) and quark (Q) phases must be evaluated
under the condition of baryon number conservation.
PQ = PH ; (11)
Q = H ;
T = constant:
NQ=3 +NH = constante; (12)
where NQ is the number of quarks and NH is the number of baryons.
The equation of state includes the presence of hadrons with a
phase of deconned quark matter is represented in Fig.8, where the















Figure 8: Equation of state with the hadron-quark phase transition for a bag
constant B = 100MeV/fm3(solid line), B = 131.2MeV/fm3 (dotted line) and
B = 150MeV/fm3 (dashed line).
4 Stellar Structure
The protoneutron star conguration may be determined by combin-






















The above equations describe the structure of a static, spheri-
cal and isotropic star wit the pressure p(r) and the energy density
(r) reflecting the underlying nuclear model; M(r) denotes the mass
inside a sphere of radius r. The TOV equations involve various con-
straints and boundary conditions: they must be evaluated for the
initial condition (0) = c (with c being the central density) and
M(0) = 0 at r = 0; the radius R of the star is determined under the
condition that on its surface the pressure vanishes, p(r)jr=R = 0.
The condition for chemical equilibrium for protoneutron stars
are:
i = bin − qi(` − ν`) (15)
where i and ` stand for the baryon and lepton chemical poten-
tials, respectively; bi is the baryon number; the baryon and lepton
electrical charges are represented by qi.
The corresponding equations for baryon number and electric charge

















= 0 : (17)
In the gures enclosed we show results on the dependence of
the protoneutron star bulk properties on temperature. In Figs.9
and 10 one can verify the behaviour of the protoneutron star max-
imum mass and its radius as functions of the temperature for hy-
peronic matter, with Mlim = 1:547M and Mlim = 1:557M, with-
out trapped neutrinos. The maximum mass of protoneutron stars
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sequences was determined at each xed temperature and we have
found out an absolute maximum of the mass at T = 70MeV . Be-
yond this, the maximum mass starts to decrease.
The maximum mass-temperature relation is not easy to be ana-
lyzed because of the structure of the TOV equations. In one hand,
we have the mass increasing for increasing temperatures, which is a
well known result for the model used in this calculation, while other
models predict an opposite behaviour[6]. The novel feature we have
found is a limit on this increasing mass followed by a subsequent
decrease. Dierent agencies may be responsible for this new result.
We briefly mention three possible sources for this behaviour: the
lower limit on energy density introduced by the thermal contribu-
tion, the very sensible balance of pressure in the TOV equations and
the complex behaviour of the scalar eld at nite temperature.
As the temperature increases, the nuclear matter acquires an in-
creasing minimal energy density due to the thermal contribution.
The results of this thermal energy density imply a sharper crust at
T > 0 then at zero temperature. As this eect starts to be signif-
icant around T = 50MeV , it might be a signal that the maximum
protoneutron star mass starts to decrease.
A more microscopic and most interesting explanation with strik-
ing consequences for matter at high densities can be found in the
opposite behaviour of the scalar eld at high and low density limits.
At low baryon densities, the scalar eld does not change signicantly
until the temperature reaches several tens of MeV, when it starts to
increase. On the contrary, at high baryon density, the scalar eld
decreases as the temperature increases beyond the rst few MeV. As
the temperature increases this behaviour becomes even more signif-
icant and thus might be basically responsible for the protoneutron
star maximum mass behaviour showed here.
When the presence of quarks are taken into account the star
(hybrid star) may develop a QGP core, which can extends up to 5
kilometers, lowering its maximum mass due to the stiening of the
EOS. For this reason we adopted dierent parameters in the nuclear
matter equation of state, in order to increase this value. At higher
central densities one can also nd another class of star which are
called strange or quark stars. These stars are basically formed by
deconned quark matter with a thin (1 km) crust of nuclear matter.











Figure 9: Protoneutron star maximum masses as a function of the temperature











Figure 10: Protoneutron star maximum-mass radii as a function of temperature
for trapped neutrinos (solid line) and for free neutrino matter (dotted line).
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same equation of state, varying the temperature. The gure shows
the disapearance of the hybrid star and the consequently appearance
of strange star at higher temperatures.
Fig.12 describes the evolution of the radius of a maximum mass
hybrid star and the radius of its plasma core as functions of temper-
ature. One can note that the core disappear at T  60MeV . This
core disappearce is associated to the lowering of central density due
to the expansion of this star, and the proper star disappearance.
5 Summary and Conclusions
In the framework of the Sommerfeld approximation, we have studied
the structure of protoneutron stars through an eective many-body
eld theory at nite temperature. As stressed before, to the best
of our knowledge, this approach was used in this work, for the rst
time in the solution of this topic. The Sommerfeld approximation
permits a drastic simplication of the computational input and thus
provides a rather clear insight in the role of temperature on bulk
static properties of these stellar objects.
The calculations were performed by using an extended version of
the non-linear BB model, including the fundamental baryon octet,
, ! and % mesons, leptons degrees of freedom, trapped neutrinos,
| introduced into the formalism at xed lepton fractions, | the
equations for chemical equilibrium and charge neutrality. Integrat-
ing the TOV equations we obtained the maximum masses and for
the corresponding radius of the protoneutron star as functions of
the temperature.
The results indicate that increasing the temperature, the maxi-
mum mass and radius of the star also increases and that the equation
of state becomes stier. The causal limit is exactly recovered in the
EOS, even in the Sommerfeld approximation, where it can be more
easily seen. However, at very high temperatures, the EOS acquires a
lower limit on energy density which stop the maximum protoneutron
star mass increasing and furtherer, lower its value.
The maximum mass of protoneutron stars sequences was deter-
mined at each xed temperature and we have found out an absolute
maximum value at T = 70MeV . Beyond this, the maximum mass
starts to decrease. We have analyzed the protoneutron star structure












Figure 11: Hybrid and strange protoneutron star masses as functions of central
energy density at T=0MeV (solid line), T=10MeV (dotted line) and T=50MeV
(dashed line).













Figure 12: Radius of the maximum-mass hybrid protoneutron star (solid line)
and its QGP core radius (dotted line) as functions of temperature.
17
mum masses obtained are 1:557M and 1:547M, respectively. We
have identied this value as the maximum protoneutron star mass
which can be formed right after the supernova event.
The nite temperature studies involves many complications
through the Fermi integrals. The Fermi distribution function adds
terms which are very unlikely coupled to the equations of eective
mass, chemical equilibrium and moreover. The computational work
becomes harder and much longer. The Sommerfeld approximation
is a very successful theory rst applied in condensed matter physics
and recently applied to the white dwarf problems[11]. We describe,
in this section, the Sommerfeld approximation and discuss its valid-
ity when applied to nuclear matter problems. The main conception
of the approximation is the following: When H() does not vary
rapidly in the energy range of the order of T about , the tem-
perature dependence of the integral
∫1
−1H()n()d should be given
quite accurately by replacingH() by the rst few terms in its Taylor




























The coecients an are dimensionless constants, of order of unity,













The functions H() of our approach have major variations on
energy scales of the order of  and thus in general (d=d)nH()j=µ
is of the order of H()=n. Since this is usually the case, successive
terms in the Sommerfeld approximation are smaller by O((T )2) 
O(10−4). Consequently, in actual calculations only the rst few
terms must be retained. The nal form of the integrals, up to the














(T )4H 000() +O(T

)6 ; (21)
where we can recognize the zero temperature function corrected by
terms which include explicitly the temperature.
We describe, in the following, the nite temperature EOS, written
as the the zero temperature functions 0 and p0, corrected by the
Sommerfeld approximation:

































































The Sommerfeld approximation is fortunately used to describe
systems which are in the range of high density and low tempera-
ture, relying right in the protoneutron star range. This is, of course,
a good indication of its success. As we need the real range of valid-
ity of the Sommerfeld approximation, we have performed previous
calculations in simpler versions of the model here described, which
are compared to the exact numerical values.
We applied the Sommerfeld approximation to describe the equa-
tion of state obtained from the original QHD model for pure neutron
matter. This equation of state was applied to the TOV equations,
as done for the more complex model, giving the results shown in
table 2. We have tested our results in the critical temperature for
the liquid-gas phase transition in nuclear matter (T=9.2MeV) and
at a higher value (T=50MeV), reachable in protoneutron stars. The
maximum mass for T=0MeV in the Walecka model is 2:57M.
This result have indicated the success we can obtain in describ-






Table 2: Comparative results of the maximum protoneutron star mass.
The density dependence of the scalar meson eld is of particular
interest for dense hadronic systems in general, as it touches upon
the basic question how to organize eective eld theories. Here two
scenarios are obvious, which lead to a drastically dierent depen-
dence of the nonlinear scalar (and vector) meson eld with density
and temperature. In the naive dimensional analysis, the scale pa-
rameter for natural nonlinear self-coupling of the  and ! elds is
the eective mass scale
meff 
√
fpi  (250− 300MeV ) ;
at saturation density, with fpi  93MeV as the weak -decay con-
stant and   nucleon mass as the scale for chiral symmetry break-
ing. From arguments based on Brown-Rho scaling and the onset
of deconnement with the appearance of a quark-gluon plasma be-
yond some critical density c  40, both fpi and  and thus meff
decreases with increasing  yielding
meff  0 for  > c :
Thus organizing eective eld theory with the scale mass
p
fpi
would completely change the role of high order meson self-couplings
| in the limit meff ! 0 the corresponding Lagrangian would de-
velop an essential singularity | and at the same time, used as a




would invalidate the Sommerfeld approximation beyond a critical
density.
However, an alternative scale for fermionic matter is set by the
Fermi-momentum kF itself. At saturation density the two scales
coincide: at  = 0
meff 
√
fpi  kF  270MeV :
20
Opposite to meff , however, kF is stable, as it increases typically as
kF  1/3 with increasing density. Such an organizational scheme
of eective eld theory would preserve both the dominance of the







would even improve the convergence of the Sommerfeld approxima-
tion with increasing density.
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